We investigate the convergence to the fixed point and near it in a transcritical bifurcation observed in a Hassell mapping. We considered a phenomenological description which was reinforced by a theoretical description. At the bifurcation, we confirm the convergence for the fixed point is characterized by a homogeneous function with three exponents. Near the bifurcation the decay to the fixed point is exponential with a relaxation time given by a power law. Although the expression of the mapping is different from the traditional logistic mapping, at the bifurcation and near it, the local dynamics is essentially the same for either mappings.
Introduction
The study of the properties for nonlinear systems has been of interest of many authors along the decades. Sometimes these properties are associated with bifurcations cascades of dynamical systems that describe mathematically natural phenomena [1] [2] [3] . The interest for the subject increased since the work of May [4] , which has applications to biology [5] . Since then, many different applications involving mappings were considered in different areas including physics [6] [7] [8] , mathematics, biology, chemistry, engineering among others [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] .
In this paper, we consider the Hassell mapping [21] [22] [23] with the main goal of understanding and describing the behavior of the convergence to the fixed point at the bifurcation and near it. We concentrate particularly on the transcritical bifurcation where two coexisting fixed points exchange their stability. We confirm that at the bifurcation the convergence to the fixed point is described by a homogeneous function leading to three scaling exponents. Near the bifurcation the convergence is no longer described by a homogeneous function but instead it is given by an exponential decay. The relaxation time is confirmed to be described by a power law of the distance of the bifurcation with a slope −1.
This paper is organized as follows. In Section 2 the mapping, the equilibrium conditions and a phenomenological approach leading to a scaling law is described. Then in Section 3 a mathematical investigation is made by transforming the difference equation into a differential equation leading to an easier solution. Such approach gives the exponents obtained in Section 2 analytically. Our conclusion are made in Section 4. 
The model and scaling properties
The model we consider is the Hassell mapping written as [21] [22] [23] 
where λ, a and γ are control parameters and N is the dynamical variable. For the case of γ = 1 the Beverton-Holt model [22] is recovered. Fig. 1 shows the bifurcation diagram for γ = 6 and a = 1. We notice that for λ = 1 a transcritical bifurcation occurs. The fixed points are obtained using the condition N n+1 = N n = N * , which leads to the existence of two fixed points. One is N * = 0, which is stable (asymptotically stable) for λ ∈ [0, 1) while the other one is N * =  λ 1/γ − 1  /a, stable for the range λ ∈ (1, 11.3). After this limit a sequence of period doubling bifurcation is observed leading to chaos. Periodic windows are also observed for large values of λ.
Our main goal is to investigate the convergence to the fixed point N * = 0 at the transcritical bifurcation at λ c = 1 and near its neighboring such that µ = λ c −λ λ c ≪ 1, with λ ≤ λ c . To do that, the most natural variable to be considered in the investigation is the deviation from the fixed point [24] . For N * = 0, the distance for the fixed point is represented by the dynamical variable N. Certainly the convergence to the steady state depends also on the number of iterations n, on the initial condition N 0 , and on the parameter µ =
. The quantity µ = 0 defines the bifurcation point. For such a parameter the convergence to the fixed point is shown in Fig. 2 for a = 1, γ = 6 and different initial conditions N 0 , as labeled in the figure.
From Fig. 2 we see that depending on the initial condition N 0 , the orbit keeps itself confined in a plateau of constant N. Later on after reaching a crossover iteration number, n x , the orbit experiences a changeover from a constant regime progressing to a power law decay described by an exponent β. The size of the plateau depends on the initial N 0 . From Fig. 2 we propose that: (i) For short n, say n ≪ n x , the behavior of N vs. n is given by N(n) ∝ N α 0 and, because N ∝ N 0 , we conclude α = 1; (ii) For n ≫ n x , we observed N(n) ∝ n β where β is called a decay exponent; (iii) The crossover iteration number n x is given by n x ∝ N z 0 where z is a changeover exponent.
The exponent β can be obtained from fitting a power law to the decay regime. From Fig. 2 we obtained β = −0.99999960(1) ≃ −1 considering γ = 6 and a = 1. The exponent z is obtained from the plot n x vs. N 0 , where n x is obtained as the crossing of the constant plateau by the power law decay, as shown in Fig. 3 . The slope obtained for γ = 6 and a = 1, as shown in Fig. 3 is z = −1. Several other values of γ were considered and the values of β and z are independent of γ .
The three scaling suppositions allow us to describe the behavior of N as a homogeneous function of the variables n and N 0 of the type where l is a scaling factor, b and c are characteristic exponents. Using a similar procedure made in Refs. [25, 26] , we end up with the following scaling law z = α β .
The knowledge of any two exponents allow to find the third one by using Eq. Let us discuss now the dynamics of N(n) for µ ̸ = 0. This characterizes the neighboring of the bifurcation. The evolution to the fixed point is given by an exponential law written as [24, 27] 
where τ is the relaxation time and has the following form
and δ is a relaxation exponent. Fig. 5 shows the behavior of τ vs. µ. We plot only the curve obtained for γ = 6 although other values of γ yield the same result. A power law fitting furnishes the exponent δ ∼ = −1 and is independent on the value of the parameter γ .
A theoretical approach to the fixed point
To obtain the exponents discussed in Section 2 in a more rigorous way we consider two cases: (i) at the bifurcation point λ = λ c = 1, setting µ = 0; and (ii) near the bifurcation for λ ̸ = λ c , yielding µ ̸ = 0. We start first with case (i). Expanding the mapping (1) in Taylor's series of N n when aN n ≪ 1 we obtain
Near the fixed point, N is close to 0, then we can keep only low orders in the expansion. Considering the terms of the first order, we obtain N n+1 = λN n (1 − γ aN n ) . Under this condition, we suppose the dynamical variable N can be considered as a continuous variable. Hence Eq. (7) is rewritten as
It is important to mention that a similar approach was used with success in a conservative system as discussed in Ref. [28] . Grouping the terms properly we obtain the following differential equation
The initial condition N 0 is defined for n = 0 while for an arbitrary n we have N(n). Using these variables as limits of the integrals we have
After integration we obtain
Let us then discuss the implications of Eq. (11) for specific ranges of n. We start with the case γ an ≪ 1/N 0 , which is equivalent to the previous section of n ≪ n x . For such a case we obtain that N(n) ∼ = N 0 . A comparison with first scaling hypothesis allows us to conclude that a = 1. Second we consider the situation γ an ≫ 1/N 0 , corresponding to n ≫ n x in the previous section. For such case we obtain that
Comparing then this result with the second scaling hypothesis we conclude β = −1. Finally when γ an = 1/N 0 , which is the case of n = n x , we obtain
A comparison with third scaling hypothesis gives z = −1. Using this procedure we obtained all the three exponents discussed in the previous section.
When µ ̸ = 0 we can rewrite the mapping as
However, near the fixed point N ∼ = 0 consider the term N 2 going to zero faster than N. Thus, the last term of Eq. (14) is neglected and we have dN dn = −µN, (15) where µ = 1 − λ. Considering again that for n = 0 the initial condition is N 0 , we have to integrate the following equation
After integration and grouping the terms we obtain
Comparing this result with Eqs. (4) and (5) 
Discussions and conclusions
We have considered the convergence to the fixed point at the transcritical bifurcation in the Hassell mapping. At the bifurcation point we used a phenomenological description and prove that the decay to the fixed point is characterized by a homogeneous function with three exponents. They are related to each other by a scaling law z = α/β. Our results gave α = 1, β = −1, z = −1. Near the bifurcation the convergence to the fixed point is marked by an exponential decay and the relaxation time is described by a power law of the type τ ∝ µ δ with δ = −1. The exponents obtained are independent of the parameter γ . The four exponents obtained here allow us to conclude that near the transcritical bifurcation the Hassell map is behaving essentially as a logistic map and Eq. (7) is a confirmation of that.
Further investigation was also made at the period doubling bifurcation happening at λ = 11.39062500 . . . for γ = 6 and a = 1. The exponents obtained were α = 1, β = −1/2, z = −2 and δ = −1 in well agreement with results discussed in Ref. [26] .
